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Effects of Higher Rank Multipoles on Relaxation of an I = 3 Spin System
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Magnetic multipoles of rank higher than one become active in
spin systems with I > 1/2 and their contribution to relaxation de-
pends on dynamics. The appearance of multipole terms complicates
the relaxation description and supports the multiexponential behav-
ior of relaxation. In this paper the effects of high-rank multipoles
on lineshape and longitudinal relaxation of I = 3 spin systems are
presented. Results obtained from both numerical simulation and ex-
perimental data show that longitudinal and transverse relaxation
are strongly influenced by these multipole terms, especially at lower
temperature where, due to lower molecular mobility, the extreme
narrowing condition is not fulfilled. C© 2001 Academic Press
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INTRODUCTION

Nowadays it is widely recognized that NMR relaxation
a powerful tool for studying the dynamics of macromolecu
aggregates (1, 2). It is also a common belief that such aggr
gates are characterized by “slow” motion, which often conv
relaxation outside the extreme narrowing regime and produ
differences in the spectral densities involved. In such a case
spinsI > 1/2, the NMR relaxation can no longer be describ
by a single exponential because, in addition to the frequency
pendence (3, 4), state multipoles of rank higher than one (5) con-
tribute to the relaxation process. This latter aspect, not yet f
recognized, could influence, for example, the relaxation d
obtained from inversion recovery experiments (6–8) by compli-
cating their interpretation, especially for higher spin quant
numbers.

It has been shown that in an isotropic molecular system the
cay of magnetization is described byI + 1/2 exponential func-
tions for half integer spins and byI exponential for integer one
(9). While the case ofI = 3/2 has been explicitly solved (9,
10), the cases ofI = 5/2 and I = 7/2 have been dialed with
the aid of numerical approximations (11). In spin systems with
I = 3/2, 5/2, and 7/2, it has also been demonstrated that
effect of higher rank multipoles depends on the pulse sequ
parameters and on the thermodynamic state of magnetiz
(6). For example, when spectra are recorded using the res
magnetization available near the inversion recovery null-p
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condition, the effect of higher rank multipole terms is partic
larly significant (7, 8).

Because of the great importance of the10B nuclei in biology
and biomedicine (12) and also for the sake of completeness,
include integer spins, we extended the analysis to theI = 3 spin.
The theory of relaxation of the so-called “states of multipole
(13) is based on Redfield’s semiclassical theory of relaxat
(14).

The experiments on10B have been realized on samples
Na2

10B12H11SH (BSH), a molecular compound where each10B
nucleus is bound to four other10B and by covalent link to
one hydrogen nucleus. The BSH, currently the most prom
ing molecule for BNCT (boron neutron capture therapy (15)),
has been studied using glycerin as a solvent so that the
dition of a nonextreme narrowing regime is better fulfilled
different temperatures. To prove that the thermodynamic s
of magnetization influences the appearance of effects relate
higher rank multipoles, the lineshape has also been meas
by inversion recovery experiments under conditions where
magnetization was prepared to be more or less close the
modynamic equilibrium. The inversion recovery experimen
performed at different temperatures, show that the longitud
relaxation is well described by a multiexponential decay as p
dicted by multipoles theory while the lineshapes behave as th
of half integer quadrupolar nuclei. In addition, the influence
dynamics on the multipoles effect has been fully confirmed.

THEORY

Following Einarsson and Westlund (6), we describe the relax-
ation of I = 3 nuclei by means of a spin system density mat
(12) within the framework of the Bloch–Wangsness–Redfie
relaxation theory (14, 16, 17). The relaxation of longitudinal
components of state multipolesσ K

0 (18, 19) is therefore descri-
bed by

d

dt
σ K

0 (t) =
∑
K ′

RK K ′
00

(
σ K ′

0 (t)− σ K ′
0 eq

)
, [1]

where

σ K
m =

∑
α

ραα(−1)I−α(2K + 1)1/2
(

I I K
α −α m

)
[2]
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EFFECTS OF HIGHER RANK

and K denotes the rank of state multipoles here expresse
Wigner 3-j symbols (18). The subscript eq denotes the the
modynamic equilibrium condition andραα are the density ma
trix elements in representation{|α〉} that diagonalizes the stati
Hamiltonian;RK K ′

00 indicate the elements of the relaxation s
permatrix for state multipoles given by (18, 20, 21)

RK K ′
00 =

∑
αβ

Rααββ(−1)2I−α−β(2K + 1)1/2(2K ′ + 1)1/2

×
(

I I K
α −α 0

)(
I I K ′
β −β 0

)
. [3]

For I = 3 there exist 2I multipoles withK = 1, 2, . . . ,6 (dipole,
quadrupole, octupole, 16-pole, 32-pole, and 64-pole). H
ever, because quadrupolar relaxation couples only eve
only odd rank of state multipoles, the dipole, octupole, a
32-pole evolutions are governed by the system of three cou
first-order differential equations, which for

XK
0 (t) = σ K

0 (t)− σ K
0 eq [4]

has the form

d

dt
XK

0 (t) =
∑

K ′=1,3,5

RK K ′
00 XK ′

0 (t). [5]

For this system the initial conditions, after aπ pulse, in high tem-
perature approximation, are given byXK

m (0) = − 4ω0√
7kT
δK1δm0.

The RK K ′
00 matrix elements are reported in Table 1 where o

terms with |K − K ′| = 0, 2 have been taken into accou
(6). The elements of the relaxation matrix have been ev
ated for quadrupolar interaction with vanishing time-avera
values.

The solution of system [5] may be presented in the form

XK
0 (t) = CK

∑
i=1,2,3

AK
i eSi t , [6]

whereC1=C5= X1
0(0) andC3=−C1. In other words, the re

laxation of each state multipole is described by a linear com
nation of three exponential functions characterized by differ

TABLE 1
RK K ′

00 Matrix Elements for I = 3 spins

R11
00 = − 27

20 A2
Q( j (ω0)+ 4 j (2ω0))

R13
00 = R31

00 = − 108
5
√

42
A2

Q( j (ω0)− j (2ω0))

R33
00 = − 3

10 A2
Q(51j (ω0)+ 54j (2ω0))

R35
00 = R53

00 = − 36√
14

A2
Q( j (ω0)− j (2ω0))

R55 = − 9 A2 (9 j (ω0)+ 8 j (2ω0))
00 4 Q

Note. AQ is the quadrupolar coupling con-
stant.
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AK
i amplitudes and differentSi relaxation rate exponents. Th

explicit forms of theAK
i amplitudes and of theSi exponents are

calculated in the Appendix.
The numerical analysis of results shows that forK = 1 two

of the three amplitudesA1
i ’s are negligible while for multipoles

of rank K = 3 andK = 5 all of the amplitudesAK
1 , AK

2 , and
AK

3 are notable and their values decrease to zero upon incre
the rate of molecular motionτc

−1 (Fig. 1).
In Fig. 2 the simulated time evolution of the longitudinal co

ponents of dipole, octupole, and 32-pole is presented for a
version recovery experiment as in Eq. [6]. The results show
the multipoles of rank 3 and 5 reach their maximum value
about the null-point time, in agreement with the results obtai
on half integer spins (6, 22). In Fig. 3 the time evolution of longi-
tudinal components of dipole, octupole, and 32-pole is simula
as functions of the correlation timeτc. The plots show that the
amplitudes and the time positions of the octupole and of
32-pole maxima depend onω0τc: for higherω0τc, that is very
far away from the extreme narrowing condition, the maxi
with higher amplitudes are located around the null-point ti
site. On the other hand, in the extreme narrowing limit, the ra
of multipoles are conserved during relaxation and the long
dinal component of magnetization, which is determined byσ 1

0 ,
relaxes exponentially with rateR11

00. The results of Figs. 2 and
have been obtained withω0

∼= 64 MHz (the resonance frequenc
of 10B in a magnetic field of 600 MHz for proton) andAQ =
1.25 MHz, the quadrupolar coupling constant of10B nuclei in
BSH (23).

EXPERIMENTAL RESULTS AND DISCUSSION

All measurements were performed on a Bruker AMX 6
spectrometer. The10B spin–lattice relaxation and the10B line-
shapes, measured on the magnetization close the null-point
were obtained on a sample composed by 95%10B- enriched BSH
(purchased from Boron Biologicals) and glycerin to slow do
the BSH dynamics even at room temperature. The10B spec-
trum of BSH dissolved in D2O atω0

∼= 64 MHz is reported in
Fig. 4.

T1 experiments were performed using a standard inver
recovery pulse sequence with about 40 time points for e
measurement. The 180◦ pulses duration were from about 20
about 30µs depending on temperature. In Table 2 the10B lon-
gitudinal relaxation times measured at six temperatures ran
from 238 to 300 K are reported as calculated using multiex
nential fitting functions. The best results have been obtaine
a three-exponential fit atT = 238 K andT = 243 K, by a two-
exponential decay atT = 248 K, 258 K, and 278 K, and by
monoexponential decay atT = 300 K, according to the provi
sions of Fig. 3. The effect of higher multipoles on relaxati
becomes less effective as molecular mobility increases. In

case the octupole term is much greater than the 32-pole term but
both are much smaller than dipole: thus just octupole apprecia-
bly affects the dipolar line.
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FIG. 1. The amplitudesAK
i which characterize the relaxation of each sta

multipole described by the linear combinations, Eq. [A8]. ForK= 1, the numer-

ical calculation shows thatA1

2 andA1
3 are in practice negligible. The amplitudes

of K= 3 (octupole) andK= 5 (32-pole) are roughly equivalent and decrease
the rate of molecular motionτ−1

c increases.
T AL.

e

FIG. 2. Time evolution of the longitudinal components of state multipo
σ K

0 (for dipole, octupole, and 32-pole) during the delayt between the inversion
recovery pulses. The simulation has been performed forω0τc = 1, whereω0 =
64 MHz andAQ = 1.25 MHz.

FIG. 3. Plots of theσ 1 (dipole),σ 3 (octupole), andσ 5 (32-pole) time evo-
as
lution during the delayt between theπ and theπ/2 pulses of the inversion
recovery sequence by varyingω0τc. The simulation has been realized by using
ω0 = 64 MHz andAQ = 1.25 MHz.
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FIG. 4. 10B spectrum atω0 = 64 MHz of 75 mM of10B 95%-enriched BSH in D2O at 300 K. The structure of the molecule in solution (BSH anion)
reported in the inset. In the molecule each boron atom is coupled to one hydrogen, except for one boron atom, which is bound to the sulfur of the SHhe

spectrum shows four resonances, which are associated to the four nonequivalent boron sites. Because of theJ-coupling with protons, each line of the spectrum
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(except for that associated with sulfur) shows a doublet with spacing of ab
broadening function. The zero frequency corresponds to the resonance of10B

In Figs. 5 and 6 the experimental10B lineshapes at dif-
ferent temperatures are shown. For each temperature,
lineshape obtained from magnetization near the null-po
time and the lineshape obtained using a single 90◦ pulse,
corresponding to equilibrium magnetization, are repor
and compared. At temperatures of 238, 243, and 248
(Figs. 5a, 5b, and 5c, respectively) the spectral lines obtai
near the null-point are slightly narrower with respect to t
ones obtained from equilibrium magnetization; the effect
more evident at the lowest temperature (T = 238 K), where
the condition of extreme narrowing is least fulfilled. On th
other hand, at temperatures of 258, 278, and 300 K (Figs.
6b, and 6c, respectively) the spectral lines obtained in
version recovery experiments are slightly larger than th
obtained from equilibrium magnetization. Furthermore,
278 K, the spectrum of inversion recovery experiment sho
two peaks, while the corresponding equilibrium linesha
does not exhibit structure. A similar situation is also presen

TABLE 2
The 10B Longitudinal Relaxation Times, Measured at Six

Temperatures, Are Reported

T TI
1 T II

1 T III
1

238 K 7.00± 0.1 (80) 10.00± 0.2 (8) 17.6± 0.4 (12)
243 K 1.3± 0.1 (70) 8.7± 0.2 (18) 14.7± 0.4 (12)
248 K 4.23± 0.04 (78) 8.1± 0.3 (10) 11.0± 0.4 (12)
258 K 1.10± 0.05 (85) 3.5± 0.1 (15)
278 K 1.25± 0.05 (96) 1.46± 0.05 (4)
300 K 4.07± 0.04 (100)
Note.The relative amplitudes of the various relaxation componentsT I,II ,III
1

are reported in parentheses as a percentage.
ut 41 Hz. The spectrum was acquired in a single scan and apodized withine
hef boric acid.
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FIG. 5. Experimental10B lineshapes atT = 238 K (a), 243 K (b), and
248 K (c). The linewidths of spectra obtained from magnetization detected n
the null-point time in the inversion recovery experiment (solid line) are narrow
with respect to lineshapes obtained from equilibrium magnetization (das
line). This effect is “amplified” at lower temperature. The inversion recove
spectra were obtained by averaging 64 scans, each taken with a recycling
of 1 s and delays between the inversion recovery pulses oft = 4 ms (T = 238 K),
t = 3 ms (T = 243 K), andt = 2.5 ms (T = 248 K); spectra from equilibrium

magnetization were acquired after a singleπ/2 pulse by averaging 8 scans with
1 s of recycling delay. Also in this case the zero frequency refers to the resonance
of 10B of boric acid.
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FIG. 6. Experimental10B lineshapes atT = 258 K (a), 278 K (b), and
300 K (c). The linewidths of spectra obtained near the null-point (solid li
are slightly broadened with respect to the lineshapes obtained at equilib
(dashed line). The inversion recovery spectra were obtained by avera
64 scans with a recycling delay of 1 s and witht = 1 ms (T = 258 K), t =
0.8 ms (T = 278 K), andt = 3 ms (T = 300 K). The spectra from equilibrium
magnetization were obtained as were those in Fig. 5.

T = 258 K, to a lesser extent. Thus, in general, the comp
son of lineshapes obtained from magnetization detected nea
null-point time with the ones obtained from equilibrium ma
netization is in agreement with that reported for half inte
spins (6).

However, since theI = 3 spins are part of the BSH molecul
the 10B lineshapes should show some structure related to
magnetic site symmetry of molecule. In Fig. 6c, for examp
each of the two spectra is made up of four lines due to the
nonequivalent boron sites of the BSH molecule (see also Fig
The spectrum shows an evident asymmetry of the two inner l
compared with that obtained from equilibrium magnetizati
This can be reasonably explained as a consequence of th
namics shift (18), which is responsible for nonsymmetric sign

and which makes the phase adjustment a difficult problem.

This appears to be the first time that the effects of high
rank multipoles have been evaluated onI = 3 nuclei. The ex-
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perimental data have been obtained on10B of BSH molecules
in glycerin, at different temperatures, by an inversion recov
pulse sequence and a simple 90◦ pulse excitation. The exper
imental data are in agreement with the theory developed o
similar basis of that already existing for half integer quadrupo
nuclei.

This contribution can be seen as an extension of the hig
rank multipole theory and it may be able to furnish importa
information to perform quantitative10B spectroscopy of boron
compounds as it is needed, for example, to optimize BNCT.

The relaxation related to higher rank multipoles can be u
as an extension or as a complementary tool to the traditio
relaxation experiments to study biological systems in orde
characterize in detail their dynamics, especially their slower
namics.

APPENDIX

The Laplace transformation of the system Eq. [5],

d

dt
XK

0 (t) =
∑

K ′=1,3,5

RK K ′
00 XK ′

0 (t), [A1]

leads to an inhomogeneous system of algebraic equations w
solution may be expressed in the form

XK
0 (S) =

∑
K ′=1,3,5 XK ′

0 (t1)DK K ′ (S)

D(S)
, [A2]

whereDK K ′ (S) are algebraic complements of the correspond
matrix and

D(S) = det
(
RK K ′

00 − SδK K ′
) = 3∏

i=1

(S− Si ). [A3]

The rootsSI of the characteristic equations have the form

S1 = 2

√−p

3
cos

ϕ

3
− a1

3
[A4]

S2,3 = −2

√−p

3
cos

(
ϕ

3
± π

3

)
− a1

3
,

where

p = a2− a2
1

3
, q = 2

27
a3

1 −
a1a2

3
, cosϕ = −q

2
√
− p3

27

[A5]

and

a1 = −R11
00− R33

00− R55
00(

13
)2 (

35
)2 11 33 11 55 33 55
er
a2 = − R00 − R00 + R00R00+ R00R00+ R00R00 [A6]

a3 = −R11
00R33

00R55
00+ R55

00

(
R35

00

)2+ R11
00

(
R35

00

)2
.
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The solution of the system [A1] satisfies the initial conditio
XK

m (0)= − 4ω0√
7kT
δKl δm0 and may be written in the form

XK
0 (t) = CK

∑
i=1,2,3

AK
i eSi t , [A7]

where (see also Table 1)

A1
i =

S2
i −

(
R55

00+ R33
00

)
Si + R33

00R55
00−

(
R35

00

)2∏
k 6=i (Sk − Si )

A3
i =

(
R55

00− Si
)
R13

00∏
k 6=i (Sk − Si )

[A8]

A5
i =

R13
00R35

00∏
k 6=i (Sk − Si )

are the amplitudes associated to the longitudinal recover
dipole (A1

i ), octupole (A3
i ), and 32-pole (A5

i ) state.
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